This paper presents a matching pursuit technique for computing the simplest normal forms of vector fields. First a simple, explicit recursive formula is derived for general differential equations, which reduces computation to the minimum. Then a matching pursuit technique is introduced and applied to the Takens-Bogdanov dynamical singularity. It is shown that unlike other methods for computing normal forms, the technique using matching pursuit does not need any algebraic constraints which are required for the existence of the simplest normal form. The efficient method and matching pursuit technique, which have been implemented using Maple, can be "automatically" executed on various computer systems. A number of examples are presented to demonstrate the advantages of the technique.
Introduction
Normal form theory has been widely used in the study of nonlinear vector fields in order to simplify the analysis of the original system (Chow et al., 1994; Cushman and Sanders, 1988; Golubisky and Schaeffer, 1985; Guckenheimer and Holmes, 1993; Nayfeh, 1993) . It provides a convenient tool to transform a given system to an equivalent system, whose dynamical behavior is easier to analyze. (Note that the normal form used in this paper particularly refers to the Birkhoff normal form.) Consider the following general system:
where x ∈ R n and f : R n → R n , N is an arbitrary positive integer and v 1 ≡ J x represents the linear term, where J is the Jacobian matrix of the system evaluated at the the origin 0-an equilibrium of the system. The J is assumed, without loss of generality, in Jordan canonical form. Function f is analytic and can thus be expanded in Taylor series. f k denotes the kth degree homogeneous vector polynomials of x. x k denotes x k 1 1 x k 2 2 . . . x k n n satisfying k 1 +k 2 +· · · k n = k for all possible non-negative k j 's. The coefficients a k can be (rational or irrational) numbers, or symbolic notations, or a combination of both numbers and notations. More specifically, J ∈ Q n,n , f k ∈ (Q[a k ][x] k ) n and f ∈ (Q [a] [x] ) n , where a = (a 2 , a 3 , . . . , a N ).
The basic procedure in the computation of normal forms employs a near-identity nonlinear transformation to obtain a simpler form which is qualitatively equivalent to the original system. However, the conventional normal form has been found not the simplest form and further reductions using a similar near-identity nonlinear transformation are possible, leading to the simplest normal form (e.g. see Algaba et al., 1997; Baider and Churchill, 1988; Baider and Sanders, 1992; Baider, 1989; Chua and Kokubu, 1988a,b; Kokubu et al., 1996; Ushiki, 1984; Wang, 1993; Wang et al., 2000; Yu, 1999; Yuan, 2000, 2001; Yuan and Yu, 2001 ). The fundamental difference between the computations of the conventional normal form and the simplest normal form can be roughly explained as follows. First note that computing the coefficients of the normal form and associated nonlinear transformation needs to solve a set of linear algebraic equations at each order. Since in general the number of the variables-the coefficients of the nonlinear transformation-is larger than the number of the algebraic equations, some coefficients of the nonlinear transformation are not determined. In conventional normal form theory, the coefficients of the kth order nonlinear transformation are only used to possibly remove the kth order nonlinear terms of the system and the undetermined kth order coefficients are set to zero at order k (and therefore, the nonlinear transformation is simplified). However, in the computation of the simplest normal form, the undetermined coefficients can be used to further simplify the normal form. They are not set to zero but carried over to higher order equations so that they may be used to eliminate nonlinear terms in higher order normal forms. In other words, the kth order coefficients are not only used to simplify the kth order terms of the system, but are also used to eliminate higher order nonlinear terms. This is the key idea of the simplest normal form theory. At each order, the simplest normal form computation keeps the minimum number of terms retained in the final form, which cannot be further reduced by any other near-identity nonlinear transformations. In addition, in this paper a recursive algorithm is formulated for efficient computation. The formula is applicable for arbitrary dynamical singularity, and is employed to solve the Takens-Bogdanov singularity in this paper.
It has been noticed that the computation of the simplest normal form is much more complicated than that of the conventional normal form, and thus computer algebra systems such as Maple, Mathematica, Reduce, etc. must be used (e.g. see Algaba et al., 1997; Yu, 1999; Yuan, 2000, 2001; Yuan and Yu, 2001) . Even with the aid of computer algebra systems, computational efficiency is still the main concern in the computation of the simplest normal form. Recently, we have paid attention to developing efficient methodologies and efficient algorithms for computing the simplest normal form (e.g. see Yu, 2002; Yu and Yuan, 2003) . Since Ushiki (1984) introduced the method of infinitesimal deformation in 1984 to study the simplest normal form of vector fields, many researchers have applied Lie algebra to consider the computation of the simplest normal form.
However, only very few singularities have been investigated so far. Hopf and generalized Hopf bifurcations were completely solved (e.g. see Baider and Churchill, 1988; Yu, 1999) , and explicit formulas as well as "automatic" Maple programs were developed (Yu, 1999) . The 1:2 resonant case (double Hopf) was also considered in detail (Sanders and van der Meer, 1990; Yuan and Yu, 2002) . The main attention, however, has been concentrated on the Takens-Bogdanov dynamical singularity (an algebraic double but geometric simple zero eigenvalue) (Baider and Sanders, 1992; Chen and Della Dora, 2000; Chua and Kokubu, 1988a,b; Kokubu et al., 1996; Ushiki, 1984; Wang et al., 2000; Yuan and Yu, 2001) . For this case, the Jacobian matrix given in Eq. (1) may be assumed to include a double zero eigenvalue, given in the form:
where
. . , q, and 2 + p + 2q = n, p, q, α j and ω k are given fixed numbers. Note that for most physical systems, the unstable manifold is assumed null. Then by normal form theory, the conventional normal form of system (1) is of the form:
where a 2 j k 's are explicitly expressed in terms of the derivatives of the original function f evaluated at x = 0. Baider and Sanders (1992) gave a detailed study for the Takens-Bogdanov dynamical singularity and classified the normal forms into three cases according to the relation between µ and ν: (I) µ < 2ν, (II) µ > 2ν and (III) µ = 2ν, where the µ and ν are defined by the a coefficients of system (3): a 220 = a 230 = · · · = a 2µ0 = 0, but a (2µ+1)0 = 0, and a 211 = a 221 = · · · = a 2(ν−1)1 = 0, but a 2ν1 = 0. They provided a fair detailed analysis on the first two cases and obtained the "forms" of the simplest normal form for most of the sub-cases (Baider and Sanders, 1992) . Later, Kokubu et al. (1996) and Wang et al. (2000) considered case (III) and also obtained the "form" of the simplest normal form. Recently, Wang et al. (2001) investigated a special sub-case of case (I). However, some special sub-cases are still unsolved. Moreover, even for a classified case, certain non-algebraic number conditions must be satisfied in order for the algebraic equations to be solvable (e.g. see Wang et al., 2000; Yu and Yuan, 2000; Yuan and Yu, 2001) . Unfortunately, such non-algebraic number conditions cannot be known before determining the "form" of the simplest normal form. Therefore, regardless of the methods used, there always exist unsolvable special cases if certain non-algebraic number conditions are not assumed appropriately. Otherwise, one must specify the nonalgebraic number conditions case by case in the process of computing the simplest normal form. (It will be seen more clearly in Section 5.) When the non-algebraic number conditions are violated, the commonly developed computer programs such as those given in Li et al. (2001) and Yuan and Yu (2001) fail to obtain the simplest normal form, since a "zero division" problem occurs when the programs are executed up to such an order.
A novel approach called matching pursuit technique has been developed to solve this difficulty. Here, the "matching" means that for any given vector fields, the algorithm can match a "form" of the simplest normal form to a special non-algebraic number condition, and the "pursuit" means that the algorithm (program) has been designed to automatically search the right "matching" between the simplest normal form and the non-algebraic number conditions. Symbolic programs are coded using Maple, which can be used to "automatically" compute the simplest normal form of any given vector fields associated with the Takens-Bogdanov singularity.
Before we describe the matching pursuit technique, we present an efficient approach for computing the simplest normal form in the next section. Section 3 deals with the computation of the simplest normal form for the Takens-Bogdanov dynamical singularity. The matching pursuit technique is discussed in detail in Section 4, and the algorithm is also outlined in this section. Various examples are shown in Section 5 to demonstrate the advantage of the matching pursuit technique, and conclusions are given in Section 6.
An efficient approach for computing the simplest normal form
Consider the general system (1). The basic idea of normal form theory is to find a nearidentity nonlinear transformation, given by
such that the resulting systeṁ
becomes as simple as possible. Here
denote the general kth degree homogeneous vector polynomials of y with the coefficients h k and g k to be determined.
To apply normal form theory, we define the linear vector space H k which consists of the kth degree homogeneous vector polynomials f k (x) . Further define the homological operator L k , induced by the linear vector v 1 , as
where the operator [U k , v 1 ] is called the Lie bracket, defined by
where D is a Frechét differential operator, and Dv 1 = J . Next, we define the space R k as the range of L k , and K k as the complementary space of R k . Thus,
and we can then choose the vector space bases for R k and K k . Consequently, a homogeneous vector polynomial f k (x) ∈ H k can be split into two parts: one is spanned by the vector space basis of R k and the other by that of K k . By applying Takens normal form theory (Takens, 1974) , one can find the kth order normal form g k (y), while the part belonging to R k can be removed by appropriately choosing the coefficients of the nonlinear transformation, h k (y). The "form" of the normal form g k (y) depends upon the vector space basis of the complementary space K k , which is determined by the linear vector v 1 . We may apply the matrix method (Guckenheimer and Holmes, 1993) to find the vector space basis of R k and then determine the basis of the complementary space K k . Once the vector space basis of K k is chosen, the form of g k (y) can be determined. The idea of further reduction of the conventional normal form is to find an appropriate h k (y) such that some coefficients of g k (y) can be eliminated, leading to the simplest normal form.
Once the "form" of the normal form is determined, in order to find the explicit expression of the conventional normal form or the simplest normal form, in general one needs to use Eqs. (1) and (4) to find a set of algebraic equations at each order. Suppose the normal form and associated nonlinear transformation have been obtained up to (k − 1) order, we want to find the kth order normal form. To do this, usually one may assume a general form for the kth order nonlinear transformation and substitute it back to the original system (1). Then with the aid of the obtained normal form one can derive the kth order algebraic equations by balancing the coefficients of the homogeneous polynomial terms. From this way, the solution procedure generates the expressions which contain not only lower order terms, but also higher order terms. This dramatically increases the time and space complexity of the computation. Therefore, a crucial step in the computation of the simplest normal form is to derive the kth order algebraic equations as simply as possible, i.e. only the kth order nonlinear terms should be calculated.
The following theorem gives an efficient recursive formula for computing the kth order algebraic equations, which can be used to determine the kth order normal form and associated nonlinear transformation for any kind of singularity.
Theorem 1. The recursive formula for computing the kth order algebraic equations is given by
where k = 2, 3, . . . , and f k , h k and g k are the kth degree homogeneous vector polynomials of y (where y has been dropped for simplicity).
Notes. The notation D m f i denotes the mth order terms of the Taylor expansion of
where each differential operator D affects only function f i , not h l j (i.e. h l j is treated as a constant vector in the process of the differentiation), and thus m ≤ i . At each level of the differentiation, the Frechét derivative operator, D, results in a matrix, which is multiplied with a vector to generate another vector, and then to another level of Frechét derivative, and so on. The proof of Theorem 1 can follow a similar proof given by Yu and Yuan (2003) and thus only the main steps are outlined below: first differentiate Eq. (4) and then substitute Eqs. (1) and (5) into the resulting equation, and then apply Eq. (4) again and finally employ Taylor expansion about y to obtain
It is easy to find the formulas for the 2nd, 3rd and 4th order equations as follows:
For k ≥ 5, one needs to carefully consider T f and separate the kth order terms, which finally leads to Eq. (9). Note that
The simplest normal form for the Takens-Bogdanov dynamical singularity
In this section, we consider the Takens-Bogdanov dynamical singularity and derive the general formula for computing the simplest normal form. For simplicity, we may choose the system described on a 2-dimensional center manifold, given by the equations:
where f 1 , f 2 ∈ C ∞ , which vanish, together with their first derivatives, at the origin. Note that if the system is not given in the 2-dimensional center manifold, but in the form of Eq.
(1), one may first apply center manifold theory or normal form theory to obtain either the 2-dimensional center manifold (14) or the conventional normal form (3). A more sophisticated approach is to directly compute the simplest normal form from the original system (1). We will not discuss such an approach here, but the idea of the method can be found in Yu (2003) . The vector field of system (14) can be written as
and the homological operator is defined in Eq. (6), where the linear part v 1 now becomes
To obtain the explicit formulas, we may find the vector space basis:
for R k , and that:
for K k . However, we may use a more convenient vector space basis for the complementary space to R k , denoted by C k which is spanned by
Thus the kth order conventional normal form, g k (y), can be assumed in the form of
where g 2k0 and g 2(k−1)1 are two coefficients to be determined. For the conventional normal form, these two coefficients are generally non-zero and retained in the normal form. In the further reduction of the conventional normal form leading to the simplest normal form, we try to use the coefficients of nonlinear transformation to eliminate as many as possible of the g coefficients. Now we shall use the formulas given in the previous section and the idea stated above to compute the simplest normal form for the Takens-Bogdanov dynamical singularity. First, let the general forms of f k and h k be given respectively by
and
Then for k = 2, applying the formula
which indicates that none of the two 2nd order g coefficients can be eliminated. In other words, the 2nd order normal form cannot be simplified. It is also noted that the coefficients h 102 (which does not appear in the equations) and h 202 are undetermined and may thus be used in high order equations to remove normal form coefficients g 2k0 and g 2(k−1)1 . Next consider k = 3. Similarly we can apply the formula
obtain eight algebraic equations. It is noted that six of the eight equations, which do not involve the two coefficients g 230 and g 221 , can be used to determine six of the eight 3rd order h coefficients: 
where A i j k are known coefficients related to the original system.
The remaining two equations, which may be called key equations and can be used to determine the normal form coefficients g 230 and g 221 , are given as follows:
The first equation of (24) indicates that g 230 must be retained in the normal form, given by
On the other hand, the second equation of (24) suggests that one may set
under the condition a 220 = 0, and then the 2nd order coefficient h 202 can be used to solve the equation, uniquely determined as
It is observed from the above procedure that the coefficient h 202 which is not determined in the 2nd order equation has been used to eliminate the 3rd order conventional normal form coefficient g 221 . This clearly shows the basic idea of the simplest normal form computation: lower order nonlinear transformation coefficients are used to eliminate higher order normal form coefficients.
However, it is noted in the 3rd order equations that the 2nd order coefficient h 102 is not determined, and in addition, two 3rd order coefficients h 103 and h 203 are undetermined. It can be shown that h 102 will be used in the 4th order equation to remove the normal form coefficient g 231 under the condition a 211 + 2a 120 = 0. Further, the coefficient h 203 will be used to eliminate the 5th order normal form coefficient g 241 , and so on.
For an arbitrary kth order equation, we want to use the h coefficients which are not determined in lower order equations to eliminate the kth order normal form coefficients g 2k0 and g 2(k−1)1 . Similarly applying Eq. (9) results in 2k + 2 linear algebraic equations, among which two equations do not involve the kth order h coefficients but contain the two g coefficients g 2k0 and g 2(k−)1 as well as some lower order h coefficients. It can be shown that the lower order h coefficients can be used to eliminate either one or both of the two g coefficients. Under the assumption: a 220 (a 211 + 2a 120 ) = 0, the general rule for choosing the nonlinear transformation coefficients h 10k and h 20k to eliminate the normal form coefficients g 2k0 and g 2(k−1)1 are given as follows (for proof see Yu and Yuan, 2003) :
where m ≥ 1. The meaning of notation " " means "imply", for example, h 202 g 221 = 0 indicates that g 221 can be set zero by appropriately choosing the coefficient h 202 .
Once the two key equations are solved, the remaining 2k equations can be solved using the 2k h coefficients as follows:
where j = 1, 2, . . . , k − 1, and A i j k are known coefficients. Note that the first and the last equations of (29) are decoupled from the other (2k − 2) equations. The first equation can be used to solve h 2k0 , while the last equation may be used to determine h 20k .
Summarizing the above results yields the following theorem.
Theorem 2. The generic simplest normal form of system (14) for Takens-Bogdanov dynamical singularity up to an arbitrary order is given bẏ
if a 220 (a 211 + 2a 120 ) = 0, where the coefficients g 2k0 's are expressed explicitly in terms of the coefficients a i j k 's of the original system (14).
Notes. The simplest normal form given in the above theorem is for a general system described on a 2-dimensional center manifold, given by Eq. (14). However, in many cases the original system is given in the conventional normal form (3) in which only a 2k0 and a 2(k−1)1 are non-zero. This is a particular case of the general system (14). In this particular case, the condition required for the generic simplest normal form reduced to a 220 a 211 = 0, as expected (e.g. see Yuan and Yu, 2001 ). It should be pointed out that the basic rule given in Eq. (28) is the same regardless of whether the general system (14) or the particular system (3) is used. This can be easily shown by using conventional normal form theory to transform system (14) into system (3) with a nonlinear transformation. In fact, we can find the following nonlinear transformation: 
to transform system (14) into the following conventional normal form: 
which is in the form of (3), whereã i j k 's are explicitly given in terms of a i j k ' s. Thus the generic condition, a 220 (a 211 + 2a 120 ) = 0, required for system (14) becomesã 220ã211 = 0 for the new system (32), as expected. If system (14) is given in the form of the conventional normal form (3), thenã 2k0 = a 2k0 andã 2(k−1)1 = a 2(k−1)1 . Therefore, the degenerate cases discussed on the basis of the conventional normal form (3) may be unlikely to occur for the general system (14) since the coefficientsã 230 ,ã 221 ,ã 240 , etc. are generally not zero if the function f 1 given in Eq. (14) is non-zero. The above discussion is for the generic case. The same argument can be applied to nongeneric cases, and thus the conclusion is true for any case. That is, considering systems (3) and (14) equivalent and gives the same rule for eliminating the kth order normal form coefficients g 2k0 and g 2(k−1)1 by using the h nonlinear transformation coefficients.
The matching pursuit technique for computing the simplest normal form
In the previous section we have discussed the computation of the simplest normal form for the Takens-Bogdanov dynamical singularity and obtained the explicit formulas for computing the coefficients of the simplest normal form and the associated nonlinear transformation. However, the results are obtained under the assumption that a 220 (a 211 + 2a 120 ) = 0 when the system is described by the general equation (14), or a 220 a 211 = 0 if the system is given in the conventional normal form (3). As shown in the previous section, the rule for choosing the nonlinear transformation coefficients to eliminate the two normal form coefficients g 2k0 and g 2(k−1)1 is the same regardless of the type of the original system. Therefore, without loss of generality, we will use Eq. (3) throughout this section for the convenience of discussion.
Although since 1984 many researchers studied the simplest normal form of the TakensBogdanov dynamical singularity, the problem is not completely solved. Not only because few results are obtained for computing the simplest normal form, but also because the analytical "form" for some special cases are not found. Even suppose one can classify all sub-cases and find all of the analytical "forms", there still exists the non-algebraic number problem (Wang et al., 2000) . Roughly speaking, some non-algebraic number conditions must be satisfied at certain order equations to make the equations solvable. Unfortunately, such non-algebraic number conditions are not predictable. In other words, unless the simplest normal form is explicitly computed, it is impossible to find or determine the nonalgebraic number conditions. Therefore, no matter what methods are used, there always exist unsolvable special cases if certain non-algebraic number conditions are not assumed appropriately.
The computation approaches recently developed (e.g. see Algaba et al., 2001; Li et al., 2001; Yuan and Yu, 2001 ) are based on explicit analytical formulas. Thus only the cases for which the explicit formulas have been obtained are computable. Even for the limited cases, the non-algebraic number problem is not solved because the obtained formulas do not take account of this. Therefore, from the computational point of view, a natural question would arise: can we design a computational approach or an algorithm to solve the problem completely? More precisely, can we develop a program with the aid of computer algebra, which can be used to compute the simplest normal form of the TakensBogdanov dynamical singularity for a given general system without requiring any nonalgebraic number conditions or assumptions? Fortunately, the answer is yes. The advantage for developing such algorithms is obvious: for a given system, one does not need to worry about what case it might be and one can always find the simplest normal form up to any desired order. The matching pursuit technique has been developed and "automatic" Maple programs have been coded. It has been shown that this approach is indeed very powerful, and many systems have been tested to give correct results. Unlike many other programs which depend upon explicit formulas, this algorithm does not need to specify cases in the input file and is very convenient for users. Therefore, this matching pursuit technique has completely solved the problem of computing the simplest normal form for the TakensBogdanov dynamical singularity.
The matching pursuit technique
Now we turn to discuss the matching pursuit technique. The basic idea of the technique is based on the following observation: both the non-algebraic number problem and the necessity for Baider and Sanders to classify the three cases are due to the same cause. Recall that the computation of the kth order simplest normal form of the TakensBogdanov dynamical singularity (described in the previous section) is to use the lower order h coefficients to eliminate the two kth order g coefficients, (g 2k0 and g 2(k−1)1 ). Further, note that there are only two key equations at each order which contain the two g coefficients. So the further reduction leading to the simplest normal form can be achieved by using the h coefficients involved in the two key equations to remove as many of the kth order g coefficients as possible. In the generic case, under the basic assumption a 220 (a 211 + 2a 120 ) = 0 (with no extra non-algebraic number conditions), the rule of choosing the h coefficients is given in Eq. (28). It is shown that starting from the 3rd order at least g 2(k−1)1 can be removed, and for order k = 3m + 3, both the two kth order g coefficients can be eliminated. The basic assumption becomes clear in the following discussion. When we determine one h coefficient from a key equation, we actually solve a linear algebraic equation for the h coefficient. It is thus obvious that the linear equation is solvable as long as the coefficient of the h variable is non-zero, which generates the nonalgebraic number conditions. For example, consider the second equation of (24), which contains g 221 and −3a 220 h 202 terms. Hence, if a 220 = 0, we can set g 221 = 0 and then uniquely determine h 202 . That is why we need to assume a 220 = 0 for the generic case. The second condition a 211 + 2a 120 = 0 comes from one of the 4th order key equations. For simplicity, instead of Eq. (14), we use Eq. (3) in the following analysis. Then the second condition becomes a 211 = 0 and the key equation is of the form:
which clearly shows that as long as the coefficient of h 102 is non-zero, i.e. a 220 a 211 = 0, we can set g 231 = 0 and uniquely determine h 102 , as the rule given in Eq. (28) shows.
Further it can be shown that for the generic case the only condition required is a 220 a 211 = 0 (remember that we are now using Eq. (3)) no other non-algebraic number conditions are required. In other words, under the assumption a 220 a 211 = 0, all the h coefficients can be uniquely determined to remove the g coefficients by following the rule given in Eq. (28). However, this is not always true, i.e. when the basic condition, a 220 a 211 = 0, does not hold, some extra non-algebraic number conditions must be satisfied. For example, consider a 220 = 0, but a 230 = 0 and a 211 = 0. Here, µ = 2 and ν = 1, so it belongs to case (III) µ = 2ν. Then the rule given in Eq. (28) which implies that in order to set g 241 = 0 by choosing h 102 , one needs a 211 a 230 = 0, in addition to 9a 230 + a 2 211 = 0. Therefore, this case (when a 220 = 0) not only requires the basic assumption a 211 a 230 = 0, but it also needs the non-algebraic number condition 9a 230 + a 2 211 = 0 at the 4th order. In fact, it can be shown using the program developed by Yuan and Yu (2001) that more non-algebraic number conditions need to be satisfied at higher orders (see Example 4 in the next section).
In general, for the kth order equation we may find a set of algebraic equations, written in the matrix form:
. . .
where the 2(k + 1)-dimensional vector w contains the undetermined h coefficients, one or two of them are solved at the current order, while others will be determined in higher order equations. It is seen from Eq. (36) that the coefficient h 2k0 can be solved first from the first equation. Note that the coefficient h 10k does not appear in the equations, while h 20k is only involved in the (k + 1)th equation and can thus be chosen arbitrarily. The two key equations are the (k + 2)th and (k + 3)th equations which contain the two coefficients g 2k0 and b 2(k−1)1 . The remaining (2k − 2) equations can be used to determine the remaining
Summarizing the above discussions gives the following theorem.
Theorem 3. The rule for choosing the nonlinear transformation coefficients, h, to eliminate the normal form coefficients, g, is determined by the two key equations. The solvable non-algebraic number conditions are determined by the coefficients of the h variables which are involved in the two key equations.
It should be noted that the conditions determined by the coefficients of the h variables include not only the non-algebraic number conditions, but also the simple conditions (in terms of a 2k0 and a 2(k−1)1 ) for classifying the three cases due to Baider and Sanders (1992) . So strictly speaking, there is no difference between the simple classifying conditions and the non-algebraic number conditions, and thus it is not necessary to consider the non-algebraic number conditions separately. Since, as discussed before, the non-algebraic number conditions are not predictable, the classification to the three cases (Baider and Sanders, 1992) is not enough and there should exist infinite sub-cases. However, it becomes quite simple when considering the problem from the computational point of view. For a given system, suppose the vector field of the system is explicitly given, then at each order one only needs to investigate the h coefficients involved in the two key equations. It is straightforward to use the h coefficients to possibly remove the two g coefficients g 2k0 and g 2(k−1)1 . Now the only remaining problem is: when a degenerate case occurs (i.e. when some non-algebraic number condition is not satisfied), some h coefficient is not present and will appear in high order equations, how can we determine when this h coefficient becomes useless? In general, if one of the h coefficients is not used at the current order, it may be used later in higher order equations. However, this h coefficient may become nonlinear as the order of the equations increases. Here we assume to obey the same rule in computing normal forms: At each order, we only solve linear algebraic equations with respect to the h variables. Therefore, one can establish a rule for discarding an h coefficient: once an h coefficient appears in higher order equations and becomes at least quadratic, set it to zero. By summarizing the above discussion, we can establish the rules for using the matching pursuit technique to find the kth order simplest normal form for the Takens-Bogdanov dynamical singularity as follows.
(1) First solve h 2k0 from the first equation given in Eq. (36) since the result may contain the lower order h coefficients which may be used at the current order. (2) Solve the (k + 2)th and (k + 3)th equations of (36) using h coefficients linearly to possibly remove g 2k0 and g 2(k−1)1 . (3) If a lower order h coefficient is not present in lower order equations but appears in higher order equations due to a degenerate condition (i.e. a non-algebraic number condition is not satisfied), then carry it over until either (i) it can be used to linearly solve a higher order equation, or (ii) it can be set to zero if it becomes nonlinear.
Note that the above rules are applicable for a given explicitly described system. For a system not described numerically but in symbolic notations, it is usually assumed that all the unknown non-algebraic number conditions are satisfied. That is, one may assume that any algebraic expressions on denominators are non-zero so that the "zero division" problem is avoided.
Outline of the matching pursuit technique algorithm
It is straightforward to follow the discussion and the established rules given above to design an algorithm using computer algebra systems. In fact, Maple has been used to develop programs for computing the simplest normal form of a given vector field associated with the Takens-Bogdanov dynamical singularity. They can be conveniently executed on various computer systems and only require a minimum preparation for an input from a user.
Input: The input gives an index, CASE, for classifying irrational numbers, the order, Ord, for the computation of the simplest normal form, and the original differential equations given in homogeneous polynomials. The reason for defining CASE to identify irrational numbers is that more careful treatment should be taken when arithmetic operations involve irrational numbers. In particular, rationalization must be performed whenever an expression involves irrational numbers on its denominator. Other steps are outlined below.
(A) For a sub-order k(2 ≤ k ≤ Ord), compute the algebraic equations using the efficient method. Output: The simplest normal form is expressed in polynomials which contain minimum terms with coefficients given in rational functions of the original coefficients of a ik 's.
The Maple source code and a sample input can be downloaded from the website: http:// pyu1.apmaths.uwo.ca/ ∼ pyu/ pub/ preprints. (The file names are matching maple and matching input.)
Examples
In this section we shall present several examples for the computation of the simplest normal form using the matching pursuit technique and the Maple programs developed in this paper. The first example shows the computation starting from original n-dimensional differential equation, while others are based on a general conventional normal form. In particular, it is shown that unlike other theory or methods which require certain non-algebraic number conditions, our matching pursuit technique and the Maple program do not have any limitations. In principle, the Maple program can be used to compute the simplest normal form of the Takens-Bogdanov dynamical singularity up to any order. However, in practice, due to limitations of computer memory, it always stops at a certain order. The results given in this paper are up to the 12th order. It should be pointed out that our program computes not only the simplest normal form but also the associated nonlinear transformation. Also it is noted that the Maple program can treat both numerical (rational or irrational) numbers and symbolic notations. The following examples use numerical numbers (but still handle them symbolically) for the convenience of presenting higher order results.
In the following computations, if the original system is described by Eq. (1) we shall first use normal form theory to find the conventional normal form given in form (3), and then apply the results presented in the previous sections to obtain the simplest normal form. If the original system is already given in the conventional normal form (3), then the formulas and programs developed in this paper are directly employed to find the simplest normal form. Five examples are present in this section.
Example 1
Consider the following 6-dimensional differential equation, given bẏ 
The Jacobian of the system evaluated at the equilibrium x i = 0 is in Jordan canonical form, having a double zero eigenvalue, λ 1 = λ 2 = 0, two real eigenvalues, λ 3 = − 
The coefficients given in the above equation can be written in the form of a 2 j 0 and a 2( j −1)1 according to formula (3). By noting that a 220 = a 230 = a 240 = 0, a 250 = 0, a 211 = 0, we know that this is a non-generic case. According to the notation of Baider and Sanders (1992) , this belongs to case (II) µ > 2ν. For this example, µ = 4, ν = 1. Executing our Maple program based on the matching pursuit technique yields the simplest normal form: 
Example 2
In the previous example, although the original system is a general n-dimensional system (n > 2), one first needs to use a method to find the conventional normal form on the 2-dimensional center manifold, and then apply the approach developed in this paper to find the simplest normal form from the conventional normal form. Note that with the approach developed in this paper, one does not require the equations to be described on the center manifold to be given in the conventional normal form. For an example, consider the following system with randomly chosen coefficients up to 12th degree homogeneous polynomial: 
The complete description of the above equation can be found from the input given in http:// pyu1.apmaths.uwo.ca/ ∼ pyu/ pub/ preprints. (The file name is matching input.) Executing the Maple program takes only about a few seconds on a PC to obtain the following simplest normal form: In the next two examples, the computation of the simplest normal form is based on the following general conventional normal form, say, up to 12th order: 
Example 3
First consider µ = 1, ν = 2, which, according to the classification, satisfies µ < 2ν. This implies that a 211 = 0, a 220 = 0, a 221 = 0. Li et al. (2001) 
The box notation given in Eq. (53) is marked for the comparison with the simplest normal form obtained below. Note that here a 221 = 0 and a 240 = 0, suggesting that this case may belong to µ = 3, ν = 2(µ < 2ν). However, since more higher order a coefficients vanish, it does not follow the "rule" of the case. Executing our Maple program yields the following simplest normal form up to 15th order: 
Comparing the above simplest normal form with the conventional normal form given by Eq. (53) shows that (paying particular attention to the terms marked by the boxes):
(a) The simplest normal form and conventional normal form have the same number of terms up to 3rd, 6th, 7th, 8th or 10th order. (b) The conventional normal form has one 5th order term while the simplest normal form has no 5th order term. (c) The conventional normal form has one 6th order term but the simplest normal form has two 6th order terms. (d) The conventional normal form has one 9th order term but the simplest normal form has two 9th order terms. (e) The conventional normal form has two 10th order terms while the simplest normal form has one 10th order term.
(f) From the 11th order on, the simplest normal form resumes the normal simplification process.
It can be seen from this "irregular" example that the simplest normal form is simpler than the conventional normal form up to 5th order, while the conventional normal form is simpler than the simplest normal form up to 9th order. They have same terms up to 6th order and 10th order. Starting from 11th order terms, the simplification process in finding the simplest normal form resumes normally, i.e., the simplest normal form simplifies the conventional normal form at any order k ≥ 11.
Conclusions
A matching pursuit technique has been developed for computing the simplest normal form of the Takens-Boganov dynamical singularity. It has been shown that this approach is indeed computationally efficient. From the computational point of view, the method completely solves the simplest normal form of the Takens-Bogdanov dynamical singularity. It does not need any non-algebraic number conditions or requirements as other approaches do. "Automatic" symbolic computation programs written in Maple have been developed. Examples are presented to show the advantages of the matching pursuit method. It has been observed from the five examples that in general the process of simplification is carried out order by order. However, for "irregular" systems like example 5 there may exist an "upper boundary" order (which is 10 for example 5). When the order of the simplest normal form is smaller than the boundary, the conventional normal form contains no fewer terms than the simplest normal form (as we would expect). Although the simplest normal form is simpler than the conventional normal form for sufficiently high order, the conventional normal form may actually be simpler than the simplest normal form for some lower orders. When the order is greater than the boundary, the simplification process resumes normally, i.e., the simplest normal form simplifies the conventional normal form at any order after the "boundary".
It should be pointed out that the five examples presented in this paper for computing the simplest normal form do not contain perturbation parameters (unfolding). In fact, it has been noted that no single example has been given to show the real application of the simplest normal form in bifurcation analysis, since a physical or engineering system always contains perturbation parameters. Thus, for real applications, the theory and methodology for computing the simplest normal form with unfolding needs to be developed. Such simplest normal form for single zero dynamical singularity can be found in Yu (2002) , and that for Hopf bifurcation has also been obtained (Yu and Leung, 2003) . It is expected that the matching pursuit technique can be extended to consider the simplest normal form with perturbation parameters.
